In this paper we study the impact of inventory allocation policy on the downstream supply variance in a two-echelon system with multiple sources of demand in the upper echelon. Allocation policies play a crucial role in deciding the amount of inventory assigned to every source of demand. The cause of the supply variance is always attributed by the researchers as demand & capacity variance, or capacity utilization, or lead time. But we find that the nature of the inventory allocation policy is equally important as other exogenous variables, and has a direct impact on the downstream supply variance, in turn affecting the optimal safety stock cost and total cost in a supply chain. We introduce a new metric that will aid managers in the selection process of inventory allocation policies in presence of multiple sources of demand. Further the relation between the inventory allocation policy and the new metric is explored. We find that the variance in the supply increases/decreases significantly on the basis of inventory allocation polices used at the upstream node. We further find that the optimal inventory levels at each node now in a multi-echelon system are not only a function of the demand, capacity, and lead time, but also a function of the allocation policy employed. A Simulation based Inventory Optimization (SIO) algorithm is developed to obtain the best base-stock levels for a two-echelon system based on derivative estimates from an Infinitesimal Perturbation Analysis (IPA) framework.
INTRODUCTION
Managers often face difficulty in finding the appropriate inventory and service levels for multiechelon systems. The difficulty increases under realistic assumptions like stochastic demand, capacity, and lead time. In view of these assumptions we can expect presence of stochastic supply link between supplier and retailer, in other words variability in the inventory supply. The stochastic nature of the demand, capacity, and lead time are typically assumed to be reasons behind the presence of supply variance. The amount of safety-stock held at different nodes has a direct influence on the total multiechelon inventory system costs. There has been a significant research done in modeling the propagation of demand variance up the supply chain, also known as bullwhip effect (Lee et al., 1997; Cachon, 1999; Miyaoka and Hausman, 2004; Balakrishnan et al., 2004; Kim et al., 2006 etc.) . The bullwhip effect is a result of increasing fluctuations in orders of supply chain members as moving up the supply chain, and supply shortage being one of the causes for bullwhip effect (Duc and Luong, 2008) . In this paper we consider a special case of supply shortage, we are specifically interested in the supply variability in presence of inventory allocation polices. We find that the characteristics of an inventory allocation policy has a direct impact on the supply variability to downstream node, in turn affecting the optimal safety stock cost and total supply chain cost. A stable supply would help managers aid in better decision making, though practically it may be difficult to achieve a stable supply due to several reasons beyond control. But unpretentiously amplifying the supply variance due to selection of an inappropriate inventory allocation policy would result in an even high supply variance.
The basic set-up used in this paper is a two-echelon supply chain with manufacturer as an upstream and retailer as downstream echelon, where the supplier has two potential markets, local market/direct shipment (intermediate product demand), and a market accessible only through the retailer. The demand and capacity are assumed to be stochastic in nature. We also assume that there is a deterministic lead time between the echelons, which can related to either a supply or manufacturing lead time. An installation type periodic base-stock policy is used for the two-echelon system. In this paper, we show that for a twoechelon system the variability in supply to retailer depends not only on all the assumptions stated earlier, but also on the nature of inventory allocation policy employed by the supplier, and its influence on supply variance. We find that the variance in the supply increases/decreases significantly on the basis of inventory allocation polices used at the upstream node (supplier). We further find that the optimal inventory levels at each node in a multi-echelon system are not only a function of the demand, capacity, and lead time, but also a function of the allocation policy. We strongly believe that the supply variance is not just a result of stochastic demand and capacity, but also depends on the nature of inventory allocation policy used. From our numerical analysis we find that under certain instances higher supply variance leads to increased safety-stock levels and hence higher total costs. Selecting an appropriate inventory allocation policy will not amplify the supply variance further, which is critical to the reduction of total supply chain cost for a multi-echelon system with multiple sources of demand. To our knowledge there have been no research studies that relate supply variance to inventory allocation polices.
The paper primarily concentrates on describing the inferences obtained from measuring the mean and variance of supply to the retailer under several instances and under different inventory allocation policies, to specifically explore the relationship between the supply variance and the inventory allocation policy.
The purpose of the research is twofold, i) to introduce a new metric that will aid managers in the selection process of inventory allocation policies in presence of multiple sources of demand, ii) to determine the relation between the inventory allocation policy and the new metric. For sake of brevity we do not discuss the analytical equations used for computing the base-stock levels for every inventory allocation policy, the details are provided in Niranjan and Ciarallo (2009) .
The rest of the paper is organized as follows, in §2 we discuss the model, inventory allocation polices, , §3 and §4 briefly discusses the gradient estimation using IPA and the simulation optimization, §5 discuses the downstream supply measurement, §6 discusses several important insights gained from a computational study, we conclude in §7 with summary. Figure 1 shows the schematic of a two-echelon serial system, where node 1 corresponds to supplier, and node 0 to a retailer. Figure 1 also shows where exactly we measure the downstream supply, which is further used to compute the downstream supply variance. The amount of inventory that moves from node 1 to node 0 is precisely measured using simulation. Raw material procured from the external supplier is processed into an intermediate product and further processed and sold as final product. The intermediate product is assumed to have a potential market and therefore an inventory allocation decision needs to be made at node 1. A fixed lead time is associated between the two echelons, which corresponds to the ordering lead time and manufacturing lead time. Uncertainty is involved in both the demand and capacity.
MODEL
Initially we describe the two-echelon system assumptions, followed by the allocation policies used for testing the effect of supply variance, and update equations for the two-echelon system under different inventory allocation policies. 
Two-echelon System Assumptions and Operations
The two-echelon system considered here operates under a periodic-review installation base-stock policy, with inventory located after the processing at the node. Under this policy, at the start of each period if the inventory position (on-hand inventory + orders -backorders) falls below the base-stock level an order is placed to bring the inventory position back to the base-stock level. Unsatisfied orders are backlogged. In order to ensure system stability, we assume that that the average demand is less than the average capacity at a node
. At the beginning of each period the following sequence of activities occur: i) the outstanding orders are updated, (i.e. items that have not been delivered in the previous period are accounted for), ii) the on-hand inventory is updated, (i.e. the physical inventory), iii) demand is realized iv) capacity is realized.
The two-echelon problem formulation can be made as shown below:
The objective function in (1) indirectly penalizes holding inventory at each location, since higher i s corresponds to more inventory of item i (Bollapragada et al., 2004) . The constraints are formulated on the basis of a type-I service level. The constraints ensure that sufficient inventory is held to meet demands with a high level of certainty.
Allocation Specific Analytical Review
Since we have multiple sources of demands at node 1, we have an inventory allocation issue. Eight different inventory allocation policies are used for the system. The eight inventory allocation policies Depending on the type of inventory allocation policy the update equations for the system change. In this section we establish the relationship between the base stock level, outstanding orders, and on-hand inventory in the two-echelon system for each of eight inventory allocation policies that are used in practice (Cachon and Lariviere, 1999) . The detailed analytical equations for each policy are stated in Niranjan and Ciarallo (2009) 
LAPD Policy
In a lexicographic inventory allocation policy the retailers are ranked in some specific manner independent of their order size. In case of an LAPD policy the priority is provided to downstream node (node 0), in other words the downstream retailer is ranked higher (priority). The available on-hand inventory at node 1 is initially used to satisfy the final product demand, and the remaining inventory at node 1 is then used to satisfy the intermediate product demand.
LAPI Policy
In a lexicographic allocation policy with priority to intermediate product demand, the available onhand inventory at node 1 is initially used to satisfy the intermediate product demand followed by the final product demand.
PPA Policy
In a predetermined proportional allocation policy each source of demand, i.e. intermediate product and final product cannot receive more than a predetermined proportion of the available inventory. For the numerical analysis we use three different predetermined ratios of 0.3, 0.5, and 0.7, these are indicated as three allocation policies (PPA-0.3, PPA-0.5, and PPA-0.7). PPA-0.3 implies that up to 30% of the total available on-hand inventory at node 1 can be used to satisfy the intermediate product demand. Similarly up to 50% and 70% of the available on-hand inventory at node 1 can be used to satisfy the intermediate product demand for PPA-0.5 and PPA-0.7 respectively.
PA Policy
In proportional allocation each source of demand, i.e. intermediate and final product receives an equal proportion of the order. In this policy, the proportion ( )
corresponding to demand sources i. This ratio changes dynamically each period depending on the value of the demand. Proportional inventory allocation can be considered as a fair means of allotting the available inventory, since each source of demand gets an equal proportion of the order.
LA Policy
In a linear allocation a retailer ordering 0
x is allocated with ( ) 0 ,
Both the intermediate and final products receive their entire order if the sum of all the orders is less than the capacity, 0 K . If the sum of all the orders is greater that the total capacity then, half the difference between total orders and capacity is deducted from each order, assuming that the deduction is smaller than the smallest order. If the deduction is larger than the smallest retail order, then that retail order receives a zero allocation and the other retailer receives full capacity.
UA Policy
In a uniform allocation the supplier divides the capacity evenly among the two retailers (Cachon and Lariviere, 1999) . If one of the amount exceeds the requirement for a retailer the excess is given to the second retailer, but in any case the second retailer does not receive more than his/her order size. The value of ( ) 0 0 , x a y is same as in (3). All the update equations remain unchanged as stated in LA policy. 
GRADIENT ESTIMATION USING IPA
We estimate the gradient using infinitesimal perturbation analysis (IPA , where L is a Lagrange function.
Gradient Estimation of a Two-echelon System
Based on the objective function and constraints for the two-echelon system, a Lagrange function is framed. The Lagrange function ( , ) L s u can be written as shown in (24), where
where u , is the set of Lagrange multipliers, and ( ) .
F
is the CDF of demand.
( ) ( )
The Lagrange function is differentiated with respect to each base-stock level and Lagrange multiplier for the two-echelon system to derive a gradient vector. This gradient vector supports the simulation based inventory optimization (SIO).
SIMULATION BASED INVENTORY OPTIMIZATION
A simulation based inventory optimization (SIO) framework using Infinitesimal Perturbation Analysis (IPA) is used to search for base-stock levels. The aim of the IPA framework is to obtain best found base-stock levels for each node in the two-echelon inventory system with the help of nonlinear optimization methods. The IPA framework uses a combination of ARENA, Visual Basic (VB), and Xpress. ARENA is used to update (simulate) the equations (on-hand inventory, outstanding orders etc.), first-order equations, and service level equations. A feasible direction algorithm and line search is implemented in VB. A modified Zoutendijk's feasible direction algorithm is the basis of the optimization, with a golden section algorithm used for a lower-level line search.
The improving feasible direction vector is found by solving a linear program: ( )
is an improving feasible direction which is found by solving the linear program, (since we have four base-stock levels and four Lagrange multipliers, one for each node).
For more details on the gradient estimation and simulation optimization, interested readers are directed to Niranjan (2008) .
SUPPLY MEASUREMENT
The point of measurement for supply is shown in figure 1 . We use simulation as a means of measuring the supply to the downstream node 0 every period. The average over several periods is computed using the sample mean shown in (7). Similarly the sample variance is computed using (8). For a rational comparison between different allocation policies and its influence on the supply variability and total supply chain costs, we use a metric known as supply coefficient of variability (SVC). SVC is a ratio of sample standard deviation to mean supply, which is shown in (9). Let us consider that the The sample standard deviation is obtained by taking the square root of the sample variance.
NUMERICAL RESULTS AND DISCUSSION
In this section we present results from the computational study of the two-echelon system. We investigate the effect of inventory allocation policy on the downstream supply performance. For all the computational results a two-period supply/manufacturing lead time is assumed. The mean supply and the variance of the supply are based on 1500 periods. The values for demand and capacity are based on normal distribution. A service level of 90% is used for each node.
For the numerical analysis, four instances each consisting of four scenarios are solved for each model.
A model relates to a specific inventory allocation policy applied at node 1, a total of eight models (eight inventory allocation policies) are considered. Table 1 lists the names of the instances and its associated coefficient of variation (CV) (a measure of variability, ratio of standard deviation and mean) for the demand and capacity. The capacity is denoted as "average" capacity when the mean capacity utilization is between 80% and 85%, and the capacity is defined as "tight" capacity when the mean capacity utilization is between 90% and 95%. The demand is categorized as "high" and "low" demand. If the values of the mean demand is between 16 and 20 it is referred as high demand, whereas low demand is defined between 6 and 10. The variance for the demand and capacity is defined as high and low if the coefficient of variation is 0.4 and 0.2 respectively. 
CONCLUSION
The paper studies a two-echelon system with two sources of demand, one for intermediate product in the upstream and another for final product at the downstream. Eight types of inventory allocation policies are used to allocate the available on-hand inventory at the upstream node in presence of scarce capacity.
We propose a new metric in the form of downstream supply CV for the managers in presence of inventory allocation. We demonstrate that the variation in the downstream supply (downstream supply CV) has a strong connection to the nature of the allocation policy put to practice in a multi-echelon system. We find that under average capacity instance with low demand and capacity variation, downstream supply CV along with lead time play an important role in affecting the total supply chain cost. In other instances where either capacity utilization or demand & capacity variation tends to be high, the role of inventory allocation policy is equally important along with other factors like capacity utilization, demand & capacity CV, and lead time. We also find that the increase in downstream supply CV not necessarily results in increased total cost and vice versa. To summarize, we find that it is the inventory allocation policy in many scenarios that results in increase/decrease in supply CV, but not necessarily the exogenous variables like capacity utilization, demand & capacity CV, and lead time are responsible for the increase in total supply chain cost.
